THE distinction between an individual's genotype, which may be determined by reference to its breeding performance and possibly that of its relatives, and its phenotype, which refers only to its observable characteristics, is fundamental in genetics. Even when only one locus is concerned, many different genotype-phenotype relationships are possible, especially if there are more than two allelomorphs. In this article, we are concerned with a problem of enumeration which arises in the classification of the genotype-phenotype relationships There are m(mH-I) possible diploid genotypes at a single locus with ni allelomorphs. We shall suppose that each of these genotypes corresponds with one and only one phenotype but more than one genotype may correspond with the same phenotype. The m(rn---r) genotypes may therefore correspond with any number of phenotypes from one to m(m-4-I). Following Cotterman (1953) , such a genotypephenotype correspondence will be called a phenotype system and two phenotype systems, each involving the same number of allelomorphs and phenotypes, will be said to be permutationally equivalent or to be images of the same phenogram if there exist one or more permutations of the gene symbols which transform one phenotype system into the other. Thus, with two allelomorphs and three genotypes, there are five phenotype systems. Cotterman (1953) has represented these phenotype systems as shown in fig. i , where the genotypes are represented by circles, open and closed for homozygotes and heterozygotes respectively, and any two genotypes which are phcnotypically 43 ii and ii,
There are m(mH-I) possible diploid genotypes at a single locus with ni allelomorphs. We shall suppose that each of these genotypes corresponds with one and only one phenotype but more than one genotype may correspond with the same phenotype. The m(rn---r) genotypes may therefore correspond with any number of phenotypes from one to m(m-4-I). Following Cotterman (1953) , such a genotypephenotype correspondence will be called a phenotype system and two phenotype systems, each involving the same number of allelomorphs and phenotypes, will be said to be permutationally equivalent or to be images of the same phenogram if there exist one or more permutations of the gene symbols which transform one phenotype system into the other. Thus, with two allelomorphs and three genotypes, there are five phenotype systems. Cotterman (1953) has represented these phenotype systems as shown in fig. i , where the genotypes are represented by circles, open and closed for homozygotes and heterozygotes respectively, and any two genotypes which are phcnotypically Each m-allelomorph phenotype system may be represented in partitional notation as a partition of the total number G = m(m + 1) of genotypes. For any such partition
(p1 !) (p9 !)... ! distinct phenotype systems. This is the number of ways in which G different genotypes can be grouped into S7 = different phenotypes according to the partition P. The total number Nm of m-allelomorph phenotype systems in which the G genotypes correspond with exactly q phenotypes is found by summing /3(P) over all partitions P with parts. The total number N, of m-allelomorph phenotype systems is equal to /3(P) summed over all partitions P of the number G. Values of N,,, are given in table XXII of Fisher and Yates (ig), as th0G/ !, the leading 9S-th difference of the G-th powers of the positive integers commencing at zero, for values of G from 2 to 25 and values of from 2 to G. Values of N?7, can be obtained by summing Nm, over all values of q from i to G. The problem of the enumeration of the phenograms is much more difficult and belongs to a general class of enumerations which has been considered by Fisher ('9o). A formula (phenotype system) is constructed by inserting appropriate "contents" into a finite number of" cells ". Any two formuhe which can be derived from one another by a permutation of the basic group of permutations among the cells are said to belong to the same set (phenogram). We wish to enumerate the number of such sets. Every permutation h of the complete permutation group of m allelomorphs produces a corresponding permutation g of the /in(m+i) genotypes. If the permutation g is of partitional type Q, then of the /3(P) phenotype systems which correspond to a given partition P of -m(m+i), the number which are left unaltered by the permutation g is the bipartitional function qS(P, Q) (Fisher, 1950 Bennett, 1956 ). Summing over all partitions P, we obtain the total number of phenotype systcms which are unaltered by the permutation as S (P, Q = e(Q). Values of e(Q) can readily be calculated using the following operational procedure (Bennett, 1956) :-for every separation of the partition Q, construct a differential operator by formingthe product of (i) (D +1) for each separate with only one part and with f factors (excluding unity) in that part, and (ii) for each separate with more than one part, the sum of a1 for all factors a excluding unity which are common to the s parts in that separate. These operators are summed over all possible separations of the partition Q and are then allowed to operate on F(x) = e when they yield e(Q). Since IYF(x) = e(I)) = S ,rQfl/. !, this operational procedure enables us to calculate e(Q) very readily if we snake use of published tables of rO/r (Fisher and Yates, bc. cit.).
The calculation of n, for in = 3, 4, 5 proceeds as shown in tables i, 2, 3 respectively. The six permutations of three allelomorphs A, B, and C, may be classified according to the partitions of the number three as shown in the first column of table i. The partition (is) represents the identity which leaves the allelomorphs unchanged, (2 x) represents an interchange of pairs of allelomorphs of which there are three possibilities, (AB), (BC) and (CA), and (3) represents a cyclic interchange of three allelomorphs of which there are two possibilities, (ABC) and (ACB). The permutations of the six genotypes brought about by these permutations of the allelomorphs are represented in the second column of table i. Thus if the three allelomorphs are left unchanged, so will the six genotypes be unchanged and this corresponds with the identity (i6). An interchange of two allelomorphs corresponding to the partition (21) will lead to two possible interchanges of pairs of genotypes which may be represented by the partition (22 i 2). Thus, the interchange of allelomorphs A and B will lead to the interchange of genotypes AA and BB and also of AC and BC whilst the remaining genotypes AB and CC will be unchanged. = ! S (R) e(Q(R)) = 11,698156
5!,
Finally, a cyclic interchange of the three allelomorphs corresponding to the partition () will lead to two cyclic interchanges of three genotypes corresponding to the partition (32). For example, the cyclic interchange of the three allelomorphs corresponding to (ABC) will lead to the cyclic interchange of the genotypes AA, BB and CC and also of AB, BC and CA.
The numbers of phenograms with four and five allelomorphs are 5525 and 11,698156 respectively, rather less than conjectured by Cotterman (1953) , but of the same order of magnitude. The number of phenograms increases very rapidly with the increasing number of allelomorphs, an indication of the great variability inherent in a multi-allelomorphic system. SUMMARY A general method is described for the enumeration and classification of the genotype-phenotype relationships possible with a single diploid locus and any number of allelomorphs.
